The spaces of semi-periodic sequences and functions are examined in the relationship to the closely related notions of almost-periodicity, quasi-periodicity and periodicity. Besides the main theorems, several illustrative examples of this type are supplied. As an application, the existence and uniqueness results are formulated for semi-periodic solutions of quasi-linear difference and differential equations.
Introduction
In [] , it is observed that although the set of periodic sequences forms a linear space, its uniform closure is not the space of almost-periodic sequences but of semi-periodic sequences. In fact, the space of semi-periodic sequences was shown there to be Banach.
The whole Sections I., I. in [] and Sections II., II. in [] are devoted to semi-periodic continuous functions, called there limit periodic functions (cf. also [, p.]). This class was shown there to be identical with the one of uniformly almost-periodic functions with one-term Q-base and, in case of integral one-term base, it reduces to the one of purely periodic functions. For some more references concerning limit periodic functions, see, e.g., [, ] . In fact, limit periodic functions were already considered by Bohr in , as pointed out in [, p.].
In the following section, we define analogously to [] the class of semi-periodic continuous functions (with values in a Banach space) and show that it is the same as the class of limit periodic functions considered in [, ] (see Theorem  below). Let us note that many different notions with the same name (i.e., semi-periodic), like functions satisfying Floquet boundary conditions (see, e.g., [, ]) or those describing Bloch waves (see, e.g., [] , and the references therein), exist in the literature (cf. also [, ] ).
Hence, after giving a definition of semi-periodic functions, which is analogous to [], we prove that the uniform closure of the set of periodic functions is again the one of semiperiodic functions. Unlike in the discrete case, the space of semi-periodic functions is, however, not linear and so not Banach. In order to clarify transparently the position of semi-periodic sequences and functions in the hierarchy of closely related spaces, we decided to illustrate it by means of Venn's diagrams. Thus, the spaces of almost-periodic, semi-periodic, quasi-periodic and periodic functions and sequences and some of their http://www.boundaryvalueproblems.com/content/2012/1/141 sums (in the continuous case) are compared in this way. For this, the semi-periodicity is considered by means of the Fourier-Bohr coefficients. In order to make applications to difference and differential equations, we still need to define the notion of uniform semi-periodicity and prove that the associated Nemystkii operators map the set of semi-periodic sequences into themselves. This is unfortunately not true in the case of functions. On this basis, we finally give two examples about the existence of semi-periodic solutions in the form of theorems, both in the discrete and in the continuous cases. Although many various sorts of periodic-type solutions were investi- Before passing to semi-periodic functions in the next section, it will be convenient to mention some facts about semi-periodic sequences.
Hence, denoting as usually by (N) Z the set of (positive) integers and letting E to be a Banach space endowed with the norm | · | E , let us recall the definition of semi-periodic
One can readily check that Definition  can be regarded as a discrete version of Definition  below for semi-periodic functions. Similarly, the definition of quasi-periodic (q.p.) sequences can be regarded as a discretized (i.e., restricted to Z) version of the one for quasi-periodic functions recalled below. A q.p. extending function has the Fourier-Bohr expansion with Mod(·) to be finitely generated which is also true for q.p. sequences. For more properties and details concerning q.p. functions, see, e.g., [] .
In this light, since the analogy of Theorem  below holds for sequences (see Remark ) and since the discrete (i.e., restricted to Z) analogies of Examples - below can be constructed, one can illustrate the relationship of these classes by means of Venn's diagram in 
Continuous semi-periodic functions
Let C  T (R, E) be the set of continuous T-periodic functions,
be the set of periodic functions and BC  (R, E) be the set of continuous bounded functions.
The last one is a Banach space with the uniform norm (written · ∞ ).
Such a T will be called an ε-semi-period of f . Let S(R, E) denote the set of semi-periodic functions.
It is easy to see from the definition that every continuous periodic function is semiperiodic. Moreover, if f is semi-periodic, then f is uniformly (Bohr) almost-periodic (i.e., f ∈ AP  (R, E)), and so it is bounded. Thus, we can rewrite Definition  as follows.
We have
From this, we can consider S(R, E) as a metric space, when using
As we will see later, S(R, E) is not a linear space, but S(R, E) is a complete metric space.
Proof Consider a T ε -periodic function ψ such that its restriction to [; T ε ) is the same as the one of f . For each x ∈ R, we can write x = t + nT ε with n ∈ Z and t ∈ [; T ε ). Thus, we get
Since ψ is not necessarily continuous, consider still τ ∈ (; T ε ) such that, for any t
and subsequently
Remark  For E = R, unlike for semi-periodic functions in the sense of Definition  or Definition , in fact the same lemma was already proved in [, pp.-], but for limit periodic functions. As already pointed out in the foregoing section, these classes will be shown to coincide by Theorem  below, whose proof is just based on Lemma .
We are ready to give the first theorem.
Theorem  S(R, E) is the closure of Per(R, E) in the sup-norm.
Proof Assume firstly that f is s.p. Taking in Lemma  ε n = /n, we obtain a sequence of periodic functions (
Reversely, assume that f is in the closure of the set of continuous T-periodic functions. Then, for any ε > , we can find a periodic ϕ s.t. |f (t) -ϕ(t)| E ≤ ε. Let T be its period. Then, for any t ∈ R,
Remark  In view of Theorem , one can now also define a semi-periodic function, equivalently w.r.t. Definition  and Definition , as the uniform limit of a uniformly convergent sequence of continuous purely periodic functions. This was so done, e.g., in [, , , , ].
In the following proposition, we look for the link between s.p. sequences and functions. Given a sequence x = (x t ) t∈Z , we set f x : R → E, the function s.t. its restriction to Z is x and which is linear on each
where {u} is the fractional part of u, i.e., {u} ∈ [, ) and u -{u} ∈ Z.
Proposition  Let x ∈ E
Z . All the following statements are equivalent: 
Let us now consider the Fourier expansion of a semi-periodic function. Recall that every a.p. function has the Fourier-Bohr expansion,
where
and
is the mean operator (see, e.g., [, , ]). It follows from the above formula that f → a λ (f ) is -Lipschizian (and so it is continuous) from AP  (R, E) to E.
Set (f ) := {λ, a λ (f ) = } and denote by Mod(f ) the Z-modulus generated by (f ). Recall that an a.p. function is quasi-periodic (q.p.) if Mod(f ) has a finite Z-basis, and that T is a period of f if and
for a fixed θ > , where is a period of f N which is so periodic. Moreover,
which already proves that f is s.p.
The following result is also, at least for E = R, well known (see, e.g., [] , [, pp.-], and the references therein).
Proof Let us consider λ and μ s.t. a λ (f ) =  and a μ (f ) =  and a sequence of periodic functions (f n ) n s.t. f n → f , uniformly. It follows from the continuity that, for sufficiently large N , a λ (f N ) =  and a μ (f N ) = , but since f N is periodic, it follows that λ/μ ∈ Q.
Remark 
. This proof also demonstrates that, for a sufficiently large n, the period T n of f n satisfies T n θ ∈ πQ. . It indicates that S(R, E) is not a linear space. For instance, a simple q.p. function t → cos(t) + cos(t √ ) is not s.p. although it is a sum of two s.p. functions. On the other hand, the sum of two a.p. functions is trivially a.p.
Example  On the basis of Proposition  and Lemma , we can easily give the following example of a purely s.p. (i.e., not periodic) function:
Moreover, one can readily check that the function f can be obtained as a uniform limit of the sequence (f N ) N , where f N is a continuous πN!-periodic function,
Theorem  Every s.p. function which is also q.p. is in fact periodic:
Since f is q.p., we can find ω  , . . . , ω m such that
Since G is a subgroup of G  , there exist p ∈ {, . . . , m} and positive Z-independent real numbers ζ  , . . . , ζ p s.t.
Let us show that p = . Once we have it, we can conclude that (f ) ⊂ ζ  Z which proves that π ζ  is a period of f . Since, for each i, ζ i ∈ G ⊂ G  , we know that, for each i, we can find q i ∈ Q s.t. ζ i = q i θ . This proves that ζ i /ζ j ∈ Q, for i = j, which is impossible.
Remark  In view of Proposition  and its analogy for q.p. sequences mentioned in the foregoing section, a discrete (i.e., restricted to Z) analogy of Theorem  holds for sequences.
Example  As an example of a function which is almost-periodic (a.p.) but neither quasiperiodic nor a sum of semi-periodic functions, consider
where the σ k 's are constructed by induction, say for all k,
We will prove that we cannot find a finite set of numbers θ  , . . . , θ q s.t.
Firstly, assume this has already been proved. Then if f is a sum of semi-periodic functions f j , say f = q j= f j , we could find, according to Lemma , for each j a θ j s.
which is not true. If f were quasi-periodic, we could find θ  , . . . , θ q s.t.
which is again wrong. Now, we can make the first part of the proof. So, let us assume
We have (f ) = {σ i , i ≥ }. Thus, for any i ≥ , we can find (a i , . . . , a iq ) ∈ Q q \ {} s.t.
Let us now consider the square matrix
If it is invertible, we can express θ  , . . . , θ q linearly (with rational coefficients) depending on σ  , . . . , σ q . This proves that σ q+ should be a (rational) linear combination of σ  , . . . , σ q , which is not true.
Assuming that the matrix is singular, its rows are linearly dependent. So, we can find (μ  , . . . , μ q ) ∈ Q q \ {} s.t. i μ i a ij = , for each j. Multiplying it by θ j and then summing over j, we obtain i μ i σ i =  which is not possible.
Example  As an example of a function which is quasi-periodic (q.p.) but not a sum of periodic functions, consider 
An easy calculation yields
Since N is infinite, we can find two different integers m, n with the same T j . Thus, there exist two integers k m , k n s.t.
This implies that k m = k n , and we obtain
which is not possible.
Remark  We know (see, e.g., [, ]) that every almost-periodic (a.p.) f is a uniform limit of a sequence of a finite sum of periodic functions (f n ) n . Writing
we can see that every a.p. function can be expressed as a series of periodic functions. Reversely, a uniformly convergent series of periodic functions is a.p.
Summing up the above observations, we can present in Figure  Venn's diagram for continuous functions under our investigation. The classes of almost-periodic, semi-periodic and quasi-periodic functions are in circles, while sums of semi-periodic functions are in the ellipse. Sums of periodic functions are in the intersection of the classes of quasiperiodic functions and sums of semi-periodic functions. In fact, one can check by similar arguments as in the proof of Theorem  that a sum of periodic functions is exactly the sum of semi-periodic functions which is quasi-periodic. Periodic functions are, according to Theorem , at the same time semi-periodic and quasi-periodic. Purely semi-periodic functions are in the grey strip. Now, consider the primitives of s.p. functions.
Lemma  Assume that f is a.p. and consider F(t)
Assume that there exists ϕ ∈ AP  (R, E) and a ∈ E s.t.,
Indeed, ϕ is necessarily differentiable, and integrating the equality f = ϕ + a, we obtain
because ϕ is bounded. This already proves Lemma . It is well known that M{f } =  is a necessary and sufficient condition for F to be periodic, provided f is so. It is, however, not sufficient in the case of a.p. functions. For more details, see, e.g., [] . Despite the approximation by periodic functions, it is also not sufficient in the case of s.p. functions, as demonstrated by the following example.
Example  Let us consider the s.p. function Remark  It is possible to define the same for the discrete case and to obtain analogous results. This will be omitted here, because the proofs are quite similar.
Concerning the Nemytskii operator, in the continuous case, it is not true that if f is u.s.p. and φ is s.p., then t → f (t, φ(t)) is s.p. As an example, take f (t, x) = sin(t) + x and φ(t) = sin(πt). On the other hand, it is true in the discrete case. Proof Set K = {x t , t ∈ Z}. Since x is a.p., K is a compact subset of M. So, given ε > , we can find η >  s.t.
Set η := min{η, ε}. We know that we can find two integers T  , T  s.t.
Let T be a common multiplier of T  and T  (for instance, T = T  T  ). The last inequalities remain true, when replacing every T i by T. Thus, for any (t, n) ∈ Z  ,
For an alternative proof, one can employ the approximation by periodic sequences.
Semi-periodic solutions of difference equations
In this section, we are interested in semi-periodic solutions of the difference equation in R p ,
where A is a real square p × p matrix. 
, determined by the left-hand side of (), is obviously invertible.
Since T is continuous satisfying T ≤  + A , we know from the well-known Banach theorem that T - must be continuous as well.
Now, consider a s.p. sequence (q t ) t with values in R p . We are firstly interested in the a.p.
solution to the equation
By the hypothesis imposed on f and in view of Proposition , (f (t, q t )) t is s.p. Therefore, there exists a unique a.p. solution of () (see again Proposition . in []). We can now consider T - ((f (t, q t )) t ). Since T - maps the space of periodic sequences into itself, by the unique solvability of () in AP(Z, R n ) and by the continuity of T - , the mapping
Assuming that L < / T - , the mapping T is a contraction in the Banach space S(Z, R p ).
So it has a unique fixed point representing the desired s.p. solution of (). 
Remark 

Semi-periodic solutions of differential equations
Let us consider the equation
We assume that a real square k × k matrix A has an exponential dichotomy property, i.e., that there exist a projection matrix P (P = P  ) and constants C > , λ > , such that is the Green function associated to A, and P -, P + stand for the corresponding spectral projections on the invariant subspaces of A, we can formulate the following theorem.
Theorem  Assume still that f is L-Lipschitzian w.r.t. the second variable with L < (λ/C≤)/C(A). Then there exists a unique semi-periodic solution of the equation ().
Proof Let (f n ) n be a sequence of periodic functions w.r.t. their first variables s.t. f n → f , uniformly. We can assume without any loss of generality (see Remark ) that each f n is L-Lipschitzian w.r.t. its second variable. Let x n be the unique bounded (in fact, periodic) solution of the equation
andx be the unique bounded solution of ( 
G(t -s)f s,x(s) ds.
It can be easily checked that, in view of uniqueness of bounded solutions, the periods T n of f n are also periods of x n . It holds
Now, let us prove that there exists a uniform estimate to all x n . We have
Thus,
